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Abstract

The Unbounded Nested Number Sequences (UNNS) substrate defines a recur-
sive mathematical language where operations (Inletting, Inlaying, Repair, and Trans-
Sentifying) form a closed dynamical system. This paper explores how the topology of
the Klein surface provides a precise geometrical analogy for non-orientable recursion in
UNNS, showing that recursive inversion corresponds to the manifold’s gluing structure.
Two diagrams illustrate how UNNS recursion loops map directly onto the Klein bottle
topology.

1 Introduction

In classical topology, the Klein surface (die Kleinsche Fldiche) is a non-orientable manifold
obtained by gluing opposite edges of a square with reversed orientation. The UNNS sub-
strate, on the other hand, describes recursions whose states invert under nested mappings.
This non-orientable behavior makes the Klein surface a natural model for recursive inversion
within UNNS.

2 Recursion and Topological Identification
Let @ be a UNNS operator acting recursively:
Un+l - @(Un)

If ® inverts orientation under composition, i.e. ®? = I, the sequence returns to its initial
configuration after two iterations:

Upsa = 2(U,,) = U,.

This closure defines a non-orientable recursion loop equivalent to the Klein surface’s gluing
condition.

[Klein-UNNS Equivalence] If ® introduces inversion such that ®* = I, the recursion
manifold {U,} is topologically equivalent to a Klein surface under the identification U, ;o =

U,.



Proof. The recursive space alternates between two inverted orientations. Identifying the
second iteration with the initial one satisfies the Klein gluing:
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thereby establishing the non-orientable structure. O

3 Operator Mapping on the Klein Surface

Operator Topological Loop Function

Inletting A-loop External input influx

Inlaying B-loop (reversed) Embedding inversion

Repair / Normalize Gluing seam Restores coherence post inversion
Trans-Sentifying Neck traversal Exports recursion outward

4 Visualization I: Recursion Inversion

State U,

Klein-like identification:
Forward recursion — inversion — return

Recursion Depth n

5 Visualization II: 3D Klein Bottle with UNNS Oper-
ators
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6 Discussion

This representation demonstrates that UNNS recursion operates over a non-orientable infor-
mation manifold. Each operator corresponds to a traversal around or through this manifold,
causing the system to invert, embed, or emit recursive information analogously to physical
or cognitive processes.



7 Physical and Cognitive Implications
e Non-orientability models systems that invert under feedback (e.g., spinors).
e The Klein structure provides a topological model for self-reference and consciousness.

e Recursive inversion may underlie symmetry-breaking in discrete physics.

8 Conclusion

UNNS recursion and the Klein surface both encode self-inverting dynamics. The align-
ment between recursive inversion and topological non-orientability establishes a geometric
and conceptual foundation for the UNNS framework, linking mathematics, cognition, and
physics.

Appendix: UNNS Operator Algebra on the Klein Sur-
face

A.l Klein Fundamental Domain and UNNS Lifts

Let K denote the Klein bottle, presented as the rectangle [0, 1] x [0, 1] with identifications
(2,0) ~ (z,1),  (0,y) ~ (1, 1—y).
Let m : R? — K be the universal cover with deck transformations generated by
T, : (u,v) = (u+ 1, —v), T, : (u,v) = (u,v+1),
and 7(u + 1,v) = 7(u, —v), 7(u,v + 1) = 7(u,v).

Definition .1 (UNNS State and Lift). A UNNS state on K is a sequence a = {an}nen
attached to a nested mesh on K together with an update

Ap+1 = F(an7 Qp—1, @)7

where © collects operator coefficients (inlaying, inletting, normalize/repair, evaluate, etc.).
A lift is a function A, : R* — C (or a bundle section) such that A, is T,-periodic and
T,—equivariant:

Ap(u+1,v) =0 - Ay (u, —v), Ap(u,v+1) = A, (u,v),
with a fized twist o € {1} (or more generally a unit in the coefficient ring).

Remark .2. The twist o encodes the Klein’s orientation reversal along the x—cycle. For
scalar sequences, o = +1; for lattice—valued sequences (e.g. Z|i] inlaying), o can be a unit
of the ring.



A.2 Cycles, Holonomy, and UNNS Operators

Let [A] (direct/vertical) and [B] (twisted/horizontal) be the canonical 1-cycles on K. A
UNNS operator set O (e.g. damping «, drift J, grid/hex inlaying with step h, collapse
threshold ¢) induces a parallel update along lifts of [A], [B].

Definition .3 (UNNS Holonomy). Fiz a lifted state A, and a piecewise smooth lift v of a
cycle on K. The UNNS holonomy is

Holp(7; A,) = Pexp(Z Uo(e)) - Ap,

eey
where Up(e) is the local update (operator) on edge e, and P denotes recursion ordering.

Proposition .4 (Twisted Commutation). If ya and vy are minimal lifts of [A] and [B],
then

HOlo(’)/A) HOI@(’}/B> = 0 - H01(9<’}/B) HOI(/)(’}/A),
with the same twist o as in the lift. For scalar UNNS on K, 0 = —1 along the x—cycle.

Sketch. Concatenate 4 then v5 in the universal cover. Sliding yp across the identified edge
applies T, which flips v — —ov and multiplies the lifted state by ¢. Hence the commutator
closes up to o. O

Corollary .5 (Parity Selection Rule). Any operator set O whose update Uy is even under
v = —v commutes with the [B]-holonomy; any odd component contributes a nontrivial twist
and can seed persistent phase-like offsets around the x—cycle.

A.3 Inlaying, Inletting, and Bundle—Valued Updates

Let the inlaying map ¢, snap positions to a lattice (square: step h; hex: step h) and let
inletting inject a coefficient A € R (e.g. R = Z, Z[i], Z|w], cyclotomic units). A general
lifted step on an edge e may be written

Uo(e) : A, — Lh(Oé Ap + A x P (Ay) — gt AL - ey),

with damping o € (0, 1], inletting coefficient A, effective drift /field geg (possibly time—varying
via 0), and ®, a local morphism (e.g. difference or stencil). The twist under T}, is carried by
o acting on A,, and, if R is a ring of algebraic integers, by its unit group.

Theorem .6 (Cycle-Resolved Stability & Resonance). Assume the linearization of Uo along
lifts of [A] and [B] has eigenvalues pa(h, o, A, ...) and pug(h,a, A, ...), respectively. Then:

1. (Stability) If |pa|l < 1 and |upg| < 1, the lifted recursion converges to a cycle—compatible
fixed state modulo the twist, and the projected UNNS state on K stabilizes.

2. (Resonance) If |pal < 1 but |pup| = 1 with a non—trivial twist ¢ = —1, a two-step (or
parity—split) limit cycle can appear along [B], producing persistent phase offsets in the
projection.



3. (Amplification) If |ug| > 1 while |pa| < 1, growth concentrates along the twisted cycle;
if inlaying uses a coarse h, geometric aliasing produces stair-like propagation aligned
with the lattice directions of ty,.

Idea. Diagonalize the monodromy matrices M4, Mg of the linearized updates along v4, v5.
The twist enforces MaMp = o MM 4. Spectral radii control contraction or neutral growth;
o = —1 enforces alternating parity, giving (ii). O

A.4 Reversibility and Temporal Recursion on K

Let F' denote the global one-step UNNS update on the lifted state space. On the Klein
surface, reversibility is constrained by the twist.

Proposition .7 (Local Invertibility under Twisted Holonomy). Suppose F is C' and its
Jacobian DF(A) is nonsingular along both lifted cycles. Then F admits a local inverse F~*
in a neighborhood of any state whose holonomy is compatible with the twist (i.e. the state
lies on the twisted—equivariant submanifold).

Remark .8. This mirrors the “reverse recursion cone” idea: on non—orientable substrates,
the reverse cone s sliced by the parity constraint. In practice, any odd operator component
across [B] must be accounted for (or repaired/normalized) to realize a reversible step.

A.5 Worked Micro—Example (Parity—Split Drift)

Consider a scalar UNNS with damping o € (0, 1), no collapse, square inlaying ¢, and a drift
term that flips sign under v — —uv:

Ani1(u,v) = v ( Ay (u, v) + Bsgn(v)), B eR.

Along [A] lifts (vertical), sgn(v) is constant; along [B] lifts (horizontal), sgn(v) flips across
the Klein seam. Then the cycle multipliers satisfy |pua| = « while |ug| may equal 1 in the
coarse inlaying limit (effective cancellation), producing a parity—locked 2—cycle in projection.
Strengthening repair/normalization (smaller h, or 5 — 0) restores stability.

A.6 Implementation Hints (Explorer/Calculator)

e Twisted tiling: simulate on a W x H grid with periodic y and Klein—twisted =z
boundary: (0,y) — (W, H—y).

e Cycle probes: accumulate holonomy by composing per—edge updates around the
rectangular loops that project to [A] and [B].

e Parity toggle: add a UI switch that flips odd/even parts of operators across [B] to
visualize resonance vs. stabilization.
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Figure 1: Klein fundamental domain and UNNS flows. The vertical cycle [A] is periodic;

the horizontal cycle [B] carries a twist (orientation reversal), producing parity effects in
holonomy /recursion.

A.7 TikZ: Klein Fundamental Domain with UNNS Flow

A.8 Implications and Diagnostics

e Operator design: parity—even updates across [B] suppress twisted resonances; par-
ity—odd components can be used deliberately to create controlled 2—cycles or phase—locked
patterns on K.

e Spectral tests: measure p(M4) and p(Mpg) (cycle monodromies). Stability demands
max{p(M,), p(Mp)} < 1 (modulo intended neutral symmetries).

e Reversibility: to realize local F'!, enforce twist—compatibility (repair/normalize odd
leakage across the seam) and non—singular Jacobians along both cycles.



